The thrust distribution in electron-positron annihilation is a classical precision QCD observable. Using renormalization group (RG) evolution in Laplace space, we perform the resummation of logarithmically enhanced corrections in the dijet limit, T → 1 to nextto-next-to-leading logarithmic (NNLL) accuracy. We independently derive the two-loop soft function for the thrust distribution and extract an analytical expression for the NNLL resummation coefficient g 3 . Our findings confirm earlier NNLL resummation results for the thrust distribution in soft-collinear effective theory. To combine the resummed expressions with the fixed-order results, we derive the log(R)-matching and R-matching of the NNLL approximation to the fixed-order NNLO distribution.
Introduction
Event-shape distributions in e + e − annihilation are observables which measure the geometrical properties of energy-momentum flow in a hadronic final state. They have been measured over a broad range in energies at LEP [1] [2] [3] [4] as well as at earlier electron-positron colliders [5, 6] . The event-shape distributions allow for a detailed probe of the dynamics of QCD and especially for a precise determination of the strong coupling constant α s . Owing to their infrared and collinear safety, they can be computed systematically in perturbation theory. They usually span the range between the kinematical situation of two collimated back-to-back jets (dijet limit) and a perfectly spherical final state.
The fixed-order description, which expands the distribution in powers of the strong coupling constant to leading order (LO), next-to-leading order (NLO), next-to-next-toleading order (NNLO) and so on, is reliable and convergent over most of the kinematical range of the event-shape. In the dijet limit, which is attained for the thrust variable [7] as T → 1, the convergence of the fixed-order expansion is spoilt by large logarithmic terms log(1 − T ) at each order in the strong coupling constant, which necessitates a resummed description. Resummation of the event-shape distribution accounts for the logarithmically enhanced terms to all orders in perturbation theory, and ensures a reliable prediction in the dijet region. The resummed cross section is organized in terms of leading logarithms (LL), next-to-leading logarithms (NLL) and so on. During LEP times, precision studies of a standard set of six event-shapes were based on the combination of fixed-order NLO calculations [8] [9] [10] [11] [12] [13] [14] [15] with NLL resummation [16] [17] [18] . To avoid the double counting of terms, both expansions need to be matched onto each other and different matching procedures are available [19] .
In the recent past, substantial progress was made both on the fixed-order and the resummed description of event-shapes. Following the development of new methods for calculations of QCD jet observables at NNLO [20] , the NNLO corrections to e + e − → 3 jets and related event-shape observables were computed [21] [22] [23] [24] [25] [26] . These calculations are based on a numerical integration of the relevant three-parton, four-parton and five-parton matrix elements, which are combined into a parton-level event generator. Next-to-leading order electroweak corrections were also computed very recently [27, 28] . Determinations of the strong coupling constant using the newly available NNLO results [29] [30] [31] and the matched [32] NLL+NNLO [33] [34] [35] [36] predictions led to a big improvement in the scale uncertainty and showed the need to go beyond NLL in resummation.
The resummation of large logarithmic corrections is based on a factorization of the event-shape cross section in the dijet limit into a convolution of three leading regions (soft, collinear and hard virtual). In the conventional approach [16, 37] , the resummation of large logarithms is accomplished in Mellin (Laplace) space and the resummed distributions are obtained by an inverse transformation. In this approach, the NLL corrections to all standard event-shape variables were obtained [16] [17] [18] , as well as NNLL results on the energyenergy correlation function [38] . By applying soft-collinear effective theory (SCET, [39] ) to event-shape distributions [40, 41] , the resummation can be performed directly in momentum space. SCET offers moreover a systematic framework to compute all soft, collinear and hard contributions. In this framework, the N 3 LL resummation for thrust [42, 43] and the heavy jet mass [44] have been performed and applied for a precise determination of α s , and the framework for the resummation of the jet broadening distributions has been outlined [45, 46] . In these calculations, the hard subprocess is inferred from the threeloop quark form factor [47, 48] , the collinear jet function is required to the two-loop order, which is known from earlier calculations of SCET resummation in heavy meson decays and deep inelastic scattering [49, 50] , while the soft subprocess to two-loop order could be computed from the renormalization group invariance of the cross section only up to a constant term. Using the fixed-order NLO results [15] , this term was determined numerically by two indepedent groups [42, 51] , obtaining mutually inconsistent results. Motivated by this discrepancy, we perform an analytical calculation of the full two-loop soft subprocess for thrust from first principles in this paper. A few days before the completion of this work, the two-loop hemisphere soft function was derived within SCET [52] , and applied to compute the soft subprocess for the thrust and the heavy jet mass. Shortly after the release of our work, two further SCET-based calculations of the logarithmic contributions to the two-loop di-jet soft function [53] and of the soft function for the Drell-Yan process [54] appeared.
The major difference between conventional and SCET-based resummation is the handling of intermediate scales in the calculation. In the SCET-based resummation, these scales are fixed to their natural values directly in momentum space, on the other hand in the conventional approach they are sampled along a complex contour in peforming the Laplace inversion. Although both approaches yield identical results at NLL, owing to the presence of a Landau pole in the QCD coupling constant, power-suppressed differences between them could appear in higher order logarithmic contributions. These power-suppressed terms are outside the scope of the logarithmic resummation, so both approaches could in principle yield different but equally correct results. To address the compatibility between the two resummations, we perform the NNLL resummation of the thrust distribution in Laplace space in this paper.
The paper is structured as follows: in Section 2, we review the description of the thrust distribution in fixed-order and resummed perturbation theory and establish the factorization of the cross section in the dijet limit. Using the eikonal approximation, we compute the two-loop soft subprocess in Section 3. The NNLL resummation of the thrust distribution in Laplace space and its inversion to momentum space are derived in Section 4, and the matching to the fixed-order NNLO distribution is performed in Section 5. The numerical impact of these corrections is studied and discussed in Section 6. Finally, Section 7 contains our conclusions and an outlook onto future applications. An appendix collecting key formulae and technical details of the calculation is enclosed.
Thrust distribution in perturbation theory
The thrust variable for a hadronic final state in e + e − annihilation is defined as [7] T = max
where p i denotes the three-momentum of particle i, with the sum running over all particles. The unit vector n is varied to find the thrust direction n T which maximises the expression in parentheses on the right hand side. In the present paper we will mostly work with the quantity τ ≡ 1 − T . It can be seen that a two-particle final state has fixed T = 1, consequently the thrust distribution receives its first non-trivial contribution from three-particle final states, which, at order α s , correspond to three-parton final states. Therefore, both theoretically and experimentally, the thrust distribution is closely related to three-jet production.
Fixed-order and resummed calculations
The differential thrust distribution in perturbation theory is known at NNLO [22, 25] . At a centre-of-mass energy Q and for a renormalization scale µ takes the form
and where the explicit dependence on the renormalization scale is given by dB dτ (τ, x µ ) = dB dτ (τ ) + 2β 0 log(x For the QCD β-function we follow the convention given in Appendix A. In theoretical computations it is customary to normalize the distributions to the Born cross section σ 0 since, for massless quarks, the normalization cancels all electroweak coupling factors. However, experimentally it is easier to normalize the distributions to the total hadronic cross section σ. The correction for the normalization can be done by expanding the ratio σ 0 /σ in powers ofᾱ s , which is nowadays known at four loops [55] . In the massless case the ratio is given by
where
The dependence on the renormalization scale µ is universal and is the same in (2.4) and (2.5) . Inserting the expansion of σ 0 /σ we obtain the following expression:
whereĀ,B,C are related to A, B, C bȳ
For later convenience we consider also the integrated distribution 11) which has the following fixed-order expansion:
The fixed-order coefficients A, B, C can be obtained by integrating the distribution (2.7) and imposing R T (τ max , Q) = 1 to all orders, where τ max is the maximal kinematically allowed value.
In the two-jet region the fixed-order thrust distribution is enhanced by large infrared logarithms which spoil the convergence of the perturbative series. The convergence can be restored by resumming the logarithms to all orders in the coupling constant. The resummed cross section can in general be written as
where L ≡ log(1/τ ). The function g 1 encodes all the leading logarithms, the function g 2 resums all next-to-leading logarithms and so on.
The last equation gives a better prediction of the thrust distribution in the two-jet region, but fails to describe the multijet region τ → τ max , where non-singular pieces of the fixed-order prediction become important. To achieve a reliable description of the observable over a broader kinematical range the two expressions (2.12) and (2.13) can be matched, taking care of avoiding double counting of logarithms appearing in both expressions. To this purpose we reexpand the functions g i in powers of α s L:
In a second step we reexpand the exponential function recovering the full logarithmic dependence of the fixed-order series at NNLO
The difference between the logarithmic part and the full fixed-order series at different orders is given by
log (τ ) , (2.19)
The functions d i (τ ) contain the non-logarithmic part of the fixed-order contribution and vanish for τ → 0. We collect them into a function D(τ, Q) defined as
Kinematics and factorization of thrust
The definition of thrust (2.1) splits the final-state into two hemispheres S n T andS n T separated by the plane P n orthogonal to the unit vector n T . Each final state particle with momentum p i is assigned to either S n T orS n T depending on whether p i · n T is positive or negative. As it was shown in [16] , no final state momenta can lie in P n . We denote with p andp the total momenta in the hemispheres S n T andS n T respectively. We can parametrize the two total momenta as 22) where n µ = (1, n T ) andn µ = (1, − n T ). A simple kinematical analysis [16] shows that in the dijet limit we can recast (2.1) as
where we are neglecting terms of relative order 1 − T which give rise to power-suppressed contributions to the cross section. In our analysis we need to separate soft particle contributions from collinear ones, so we have to modify (2.23) in order to single out the explicit contributions arising from each of the two kinematical configurations. Let us then consider a hard parton with momentum p µ in the S n T hemisphere which produces a hard collinear final state parton with momentum k µ after emitting a soft gluon with momentum q µ (Fig. 1) . The parent parton is moving along n µ so its hard momentum component p ·n is of order O(Q), while the remaining components p · n and |p ⊥ | are suppressed. The soft gluon momentum components tend to zero with the same scaling (q · n ∼ q ·n ∼ |q ⊥ |). It is then easy to see that k 2 ≃ p 2 − Qq · n. Plugging the expression for p 2 arising from the previous equation into (2.23), we end up with the expression 24) where k (k) is the total collinear momentum in the S n T (S n T ) hemisphere and q (q) is the total soft momentum in the S n T (S n T ) hemisphere. An important simplification in the calculation is achieved if the recoil effects due to emissions of wide angle soft particles are neglected. Before neglecting them we have to make sure that they do not give rise to any logarithmically enhanced terms. To see it, we rewrite the thrust as 25) where ω i is the energy of the i−th final state particle and θ i is the angle of its direction to the thrust axis. We now consider the wide angle soft contributions to T , but we neglect their effect on the determination of the thrust axis n T . We call this fake thrust axis n fake and we define δ as the small angle of n fake to the physical axis n T . In approximating n T with n fake the angles θ i are replaced by θ ′ i = θ i − δ. We now consider the angle δ due to a single large angle soft emission. From simple kinematics we obtain δ ∼ ω s /Q, where ω s is the soft particle energy. We observe that δ is of the same order as the soft emission contribution to the thrust (i.e.∼ τ ). We want to estimate the effect of neglecting the recoil δ on the thrust itself using expression (2.25) . The effect of the approximation on collinear emissions (θ ≃ 0, ω c ∼ Q) is ∆τ ∼ (ω c /Q)δ 2 ∼ τ 2 , while for large angle soft emissions (θ ≫ 0, ω s ≪ Q) we find ∆τ ∼ (ω s /Q)δ ∼ τ 2 .
We see that in both cases the effect of the recoil amounts to a contribution to T of relative order (at least) O(1 − T ), so it produces power-suppressed terms. We can then replace the thrust axis in the dijet region with the direction of the hardest (jet-initiating) parton. From now on this approximation is understood.
Factorization properties of event-shapes have been widely studied in the literature [40, 56, 57] . Referring to Fig. 2 we recast the cross section (2.11) as
We use the integral representation of the Θ-function 27) and the Laplace transform to recast Eq. (2.26) as
where we set N = νQ 2 and N 0 = e −γ E . For the sake of simplicity we definedσ N (Q 2 , α s ) as the Laplace-transformed cross section and we omitted the term O(τ ). The soft subpro- cessS (N 0 /N Q/µ, α s (µ)) describes the interaction between the two jets of hard collinear particles through soft gluon exchange. It can be therefore defined in a gauge invariant way as a correlator of Wilson lines
where we defined τ s = w/Q. W n and Wn are Wilson lines
describing the eikonal interaction of soft gluons with the fast moving quarks along the directions n µ andn µ respectively. A(ns + y) in the previous expression denotes the gluon field in QCD. The sum runs over the final states |k eik involving k soft particles whose phase space is constrained according to the thrust measurement function J cut (τ Q 2 ). Both soft and soft-collinear contributions are encoded into the soft subprocess. The one-loop expression of the soft subprocess is known since a long time and we compute it with twoloop accuracy in the next section.
The collinear subprocess J (J ) describes the decay of the jet-initiating hard quark (antiquark) into a jet of collinear particles moving along the n µ (n µ ) direction. It is therefore an inclusive quantity which can be found in many other relevant QCD processes such as deep inelastic scattering and heavy quarks decay [37, 49, 58] . Double-counting of soft-collinear andn-collinear (n-collinear) contributions has to be avoided when computing the n-collinear (n-collinear) jet subprocess. To this end different regularization schemes can be found in the literature and they all provide the same results for the logarithmic structure of the jet subprocess. For the purposes of the present paper the explicit expression of the collinear subprocess is not required. All we need is its non-logarithmic term at two-loop order, which has been computed in [49] using dimensional regularization. In that work, all pure virtual corrections to the collinear subprocess are given by scaleless integrals and thus they vanish in dimensional regularization. As we will see in detail in Section 3 this property holds true also for the soft subprocess and it ensures that the whole virtual contribution is encoded into the hard subprocess defined below, which can be identified with the squared of the constant part of the quark form factor.
The short-distance hard function H (Q/µ, α s (µ)) = |H (Q/µ, α s (µ)) | 2 takes into account the hard virtual corrections to the quark-antiquark production subprocess. It is free of large logarithms and it can be generally defined such that Eq. (2.26) reproduces the fixed-order cross section up to power suppressed terms. Since the hard function contains only constants, one can avoid it by performing a log(R)-matching to fixed-order as it will be shown in Section 5. We nevertheless take it into account in order to compute the full constant part of the cross section with O(α 2 s ) accuracy.
Soft gluon emission at two-loop level
Let us turn into the computation of the soft subprocess (2.29) . Expanding the generating functional to the desired order we obtain the relevant set of cut Feynman diagrams. For real emissions, the integration runs over the soft gluons phase space constrained by the thrust measurement function in the dijet limit. The leading order contribution trivially reduces to δ(τ s ). In what follows we compute S(τ s , Q/µ, α s (µ)) to two-loop level.
One-loop result
At one-loop level the evaluation of the Wilson loop is straightforward. The contributing diagrams are listed in Figure 3 .
(a) (b) Figure 3 : NLO contribution to the soft subprocess.
The virtual soft correction ( Fig. 3(a) ) to the vertex identically vanishes in dimensional regularization since the integration over the loop momentum is given by the scaleless integral
where the phase space constraint reduces to δ(τ s ) since no real gluons have been emitted. The real contribution involves the emission of a soft gluon off one of the two Wilson lines. The emitted gluon may go either into the S n T hemisphere or into theS n T one. The resulting phase space measure is then
where the two Θ-functions forbid the emitted gluon from going backwards, heading towards the opposite hemisphere. The integrand is the eikonal factor corresponding to the single emission shown in Figure 3 (b) and its mirror conjugate diagram. The sum of the two then reads
We first replace 4) and evaluate the integral over q ⊥ . Since there is no explicit dependence on q ⊥ in the integrand function, it simply reduces to the replacement
It is then straightforward to show that the final result reads
where we set n ·n = 2 and we replaced the bare coupling α 0 s = g 2 /4π with the renormalized one in the MS scheme, i.e.
with γ E = 0.5772 . . . being the Euler-Mascheroni constant. Using the relation
we recast (3.6) as
The above result in Laplace space reads 10) where N 0 = e −γ E . Note the absence of single logarithms in the O(ǫ 0 ) term meaning that the one loop soft subprocess receives logarithmic contributions only when the emitted gluon is both soft and collinear to one of the eikonal legs. Wide angle soft emissions do not contribute at this order, but they become relevant at two-loop level.
Two-loop result
At order O(α 2 s ) up to two real gluons are emitted. Note that diagrams with virtual dressing of eikonal lines vanish identically since the Wilson path lies on the light cone (i.e. n 2 = n 2 = 0). Furthermore, we only need to evaluate those diagrams contributing with maximal non-abelian (i.e. C F C A ) and fermionic (i.e. C F T F N F ) terms, because of the non-abelian exponentiation theorem [59, 60] . According to it we can writẽ
wheres (2) 12) whereS (1) (N 0 Q/(N µ), α s (µ)) was computed in the previous section. The remaining set of (non-vanishing) diagrams contributing tos (2) Figure 4 , where the mirror conjugate diagrams are omitted. The vacuum polarization blob includes fermions, gluons and ghosts as depicted in Figure 5 , since the calculation will be carried out in the Feynman gauge. Figure 4 : NNLO contribution to the soft subprocess. Grey blobs stand for the sum of vacuum polarization bubbles due to fermions, gluons and ghosts. To complete the set one has to take into account mirror conjugate diagrams in addition. Pure abelian diagrams (i.e. proportional to C The double virtual contribution ( Fig. 4 (i-l)) is made of scaleless integrals which identically vanish in dimensional regularization. The first non-trivial contribution to consider is the one-loop virtual diagram with an extra real gluon, depicted in Fig. 4 (e,f). The sum of such diagrams and their mirror conjugate ones is gauge invariant. Using the known expression of the soft current at one loop [61] , we can write their contribution as 13) where the phase space constraint is the same as in the one loop case, since only one real soft gluon is emitted. Notice that the pole prescription (±i0) has been omitted since the poles are never "touched" during the integration because of the Θ-functions in the numerator. From now on we write explicitly the factor (±i0) only when relevant. Using the relation (3.4) and evaluating the straightforward integral left we obtain
where we expressed the bare coupling according to equation (3.7).
Let us now consider the double real emission. The phase space constraint is more involved since two distinct gluons are emitted. Each of them can indeed go either into the S n T or theS n T hemisphere, leading to the following phase space cut
Such a constraint gives rise to non-trivial phase space integrals which are solvable using analytic techniques. We evaluate the integrals in MATHEMATICA, partly using the package HypExp [62] . An independent numerical check is also performed using the computer code SecDec [63] , a recent implementation of sector decomposition based on the algorithms presented in [64, 65] . The numerical integration is then carried out using the Monte Carlo routines BASES [66] and VEGAS [67] included in [63] with 10 7 Monte Carlo events per coefficient. The two results agree within an uncertainty of 0.001%. We organise the calculation considering first the class of diagrams without any internal gluons (i.e. gluons which are not involved in the cut) shown in Fig. 4 (a,b) and mirror conjugate diagrams, then the class of diagrams with only one internal gluon (Fig. 4(c,d ) and mirror conjugate diagrams) and finally vacuum polarization diagrams, containing two internal gluons (Fig. 4 (g,h) and mirror conjugate diagrams).
Box-type diagrams
We first consider the Box-type diagrams depicted in Fig. 4(a,b) . The second diagram ( Fig. 4(b) ) has a simple structure and can be evaluated easily. Dropping the abelian part of the colour factor we are left with 19) where J cut (τ s Q) is the sum of terms in round brackets defined in Eqs. (3.15-3.18) . The integrand function does not depend on the transverse component of the integrated momenta, so we can use Eqs. (3.4,3.5) getting
(3.20)
We now analyse each of the integrals in Eq. (3.20) . We first integrate out the k·n component in the first and fourth integral and the k ·n component in the second and third integral by using the δ-functions. We then make the following four changes of variables 24) in the first, second, third and fourth integrals of Eq. (3.20) respectively, followed by the replacements s → 1 s , u → 1 u in each of them. We end up with four identical integrals on a three dimensional unit cube. Summing them up we obtain the following expression
that can be easily evaluated in terms of Euler beta functions yielding
After replacing the bare coupling with the renormalized one (Eq. (3.7)) and some algebra, we can recast the previous equation as follows
where we set n ·n = 2. We now consider the box diagram in Fig. 4 (a). We note that the mirror symmetrical diagram has the same expression provided we exchange k ↔ q, so it can be taken into account by just including a factor of two. The full result reads
Furthermore, exploiting the symmetry of the integrand under the transformation
we see that the integrals arising from the terms (3.15) and (3.17) equal those arising from (3.16) and (3.18) respectively. Using the parametrization shown in Eq. (3.21-3.24), we are led to the following expression
.
The two integrals in Eq. (3.29) can be easily evaluated with the desired accuracy, yielding
Plugging them back into Eq. (3.29) we find
This completes the evaluation of Box-type diagrams contribution to the two loop soft subprocess.
Non-abelian diagrams
The class of non-abelian diagrams (Fig. 4(c,d ) and mirror symmetrical diagrams) is much more involved due to the presence of the three gluon vertex. The mirror conjugate diagrams in which the real gluon is connected to the opposite leg to the right of the cut are related to those depicted in Fig. 4(c,d) by the transformation {k · n ↔ q ·n, k ·n ↔ q · n}.
They can be taken into account by including a factor of two.
Thus we can write the whole non-abelian contribution as follows
Looking at the expression of the phase space constraint J cut we see that the transformation
has only the effect of exchanging the terms (3.15) and (3.17) with (3.16) and (3.18) respectively, so the contribution due to the last term in round brackets amounts to multiply once again by two. Unlike the box-type case, the integrand function depends explicitly on the transverse components through the gluon propagator. We use (3.4) and perform the integral over the transverse components as shown in Eq. (C.6). Writing the result in terms of the parametrization (3.21-3.24) we end up with the following expression 34) where the first integral is made of the contributions due to the terms (3.15) and (3.16), while the ones due to (3.17) and (3.18) are encoded in the second integral. Since s ≤ 1 and u ≤ 1 we can use Eq. (C.10) to perform the following replacements 36) in the first and second integral of (3.34) respectively.
Identity (3.35) splits the first integral in (3.34) into two simpler integrals. We substitute u → zs in the first of such integrals and s → zu in the second one in order to remap the integration range to the unit cube and we sum them up. After renaming the variables we finally obtain
where we used Eq. (3.7) for the coupling. The two integrals in round brackets of Eq. (3.37) are given by
Plugging them into (3.37) and setting n ·n = 2 we find
Vacuum polarization diagrams
The last class of diagrams we have to take into account to complete the computation of the double real radiation contribution involves diagrams of the type shown in Fig. 4(g,h) . Summing up diagrams (g) and (h) and their mirror symmetrical ones we end up with the following expression
where the phase space constraint J cut (Qτ s ) is the usual measurement function defined in (3.15-3.18). We name the two integrals appearing in (3.41) I (g),(h) respectively and we evaluate them below. We first use (3.4) getting
From the symmetry of the previous expressions under the transformation
we see that the terms arising from the constraints (3.16) and (3.18) are identical to those due to (3.15) and (3.17) respectively. The two internal integrals over the transverse components of the soft gluon momenta are evaluated in (C.9) and (C.6). Following the same technique used for the non-abelian integrals and using the following two identities (obtained from Eq. (C.12)) 45) in addition to (3.35,3.36) , after renaming some of the variables we recast I 46) and
For the four integrals appearing above we obtain
We finally plug these expressions back into (3.41) and we obtain the following result for the vacuum polarization diagrams
where we used (3.7) to replace the bare coupling with the renormalized one in the MS scheme. This completes the computation of the relevant contributions to the two-loop soft subprocess. As a further check of our calculation, we observe that summing up all the integrand functions contributing to the two-loop soft subprocess we reproduce the known double-soft current derived in [68] .
Renormalization of the two-loop soft subprocess
Before the subtraction of the overall divergences we need to handle the subdivergences. The coupling renormalization (3.7) leads to a counter-term 54) and summing them up we obtain the following expression for the non-abelian part of the unrenormalized two loop soft subprocesss (2) 
where we find Renormalization properties of Wilson loops have been studied in detail in [69] [70] [71] . The Wilson path we considered has two cusps and light-cone segments leading to additional light cone singularities. This leads us to the following evolution equation [69, 70] 
where Γ cusp (g) is the well-known universal cusp anomalous dimension while Γ soft (g) is a path-dependent coefficient often called soft anomalous dimension. The factor 2 in front of the cusp anomalous dimension in the evolution equation (3.59) counts the number of cusps in the integration path.
The two quantities Γ cusp (g) and Γ soft (g) can be evaluated through O(α 2 s ) considering the O(α s ) and O(α 2 s ) counter-terms 3.61) leading to the following results
(3.63)
The two-loop cusp anomalous dimension (3.62) was computed in [72] , while the two-loop value of Γ soft (g) was first deduced in [42] using renormalization group invariance of the cross section but it was never obtained by a direct calculation. Exploiting the non-abelian exponentiation theorem (3.11) and (3.12), we derive a complete two-loop expression for the soft subprocess
whereS (2) 0 is the non-logarithmic piece at two-loop order for which we provide an analytic expressionS
The constant part (3.65) has also been calculated as a specific case of the two-loop soft hemisphere function in a work done in parallel with ours [52] , in full agreement with our result. Previously, it had been fitted by two different groups [42, 44, 51] using the Monte Carlo program EVENT2 [15] . Their results are reported below S (2), [42] 
while we obtaiñ 69) which is partly consistent with [44, 51] but not with the earlier superseded numbers of [42] , with the exception of the C F T F n F term. Notice that the determination of theS (2) 0 constant is relevant to the matching of NNLL resummed cross section to the NNLO one since it is part of the G 31 coefficient as it will be shown in the next section.
We now solve the evolution equation for the soft subprocess (3.59), yielding
where µ R is the renormalization scale of the process. We can perform the substitution 71) and exchange the order of integration in the integral containing Γ cusp getting logS
We set µ R = Q in order to minimize the logarithmic corrections coming from the hard function in (2.28), moreover we replace µ 2 /Q 2 = u 2 in the first integral of Eq. (3.72) and k 2 /Q 2 = u 2 in the second one and we finally obtaiñ
The thrust observable is symmetrical under the exchange of the two hemispheres, so the factor 2 in the exponent accounts for the identical contributions due to both of them.
Resummation of large logarithms
In the present section we derive a resummed expression for the cross section (2.13) in Laplace space starting from the renormalization group (RG) evolution of each of the subprocesses. The effect of soft gluons has been taken into account in the previous section, but we still need to consider logarithmically enhanced terms due to hard gluons moving collinearly to one of the hard quark legs. Such an effect is encoded in the jet subprocess which describes the decay of a hard quark into a jet of collinear particles. The same subprocess can be found in other relevant QCD processes such as deep inelastic scattering and B-meson decay and it obeys the following evolution equation [49, 58] :
The collinear subprocess can be defined as a cut propagator of a massless quark in the axial gauge [37] . Indeed, the factorization used here is manifest in the axial gauge [37] . Equation (4.1) can be solved following the same technique used with the soft subprocess but now replacing µ 2 /Q 2 = u and k 2 /Q 2 = u in the first and second integral in the exponent respectively. It leads tõ
We now combine (3.73) and (4.2) together in the expression of the cross sectioñ
where we explicitly set the renormalization scale µ = Q. Using the relation
we recast Eq. (4.3) as
where we defined
The two coefficients A Γ (α s ) and B Γ (α s ) can be computed in perturbative QCD. To this end we observe that the Altarelli-Parisi splitting function P(α s , z) fulfils the following limit [73] as z → 1
where the dots stand for regular terms in the z → 1 limit. The asymptotic expression (4.7) is valid to all orders in perturbative QCD and it can be easily proven in the context of deep inelastic scattering as shown in [50] . The Mellin transform of the structure function F 2 (Q 2 , x) can be indeed factorized in the threshold limit x → 1 as a product of a hard virtual function H(Q/µ, α s (µ)), a collinear jet function and a parton distribution function φ q (N, µ). Both the hard and collinear jet functions are essentially the same ones as in the thrust case (up to constants in the hard subprocess due to crossing). The collinear jet function evolution is described by Eq. (4.1), while the hard function RG equation reads 8) and the parton distribution function evolves according to the Altarelli-Parisi equation [74] 
is the Mellin transform of the splitting function using the conventions of [75, 76] . We now observe that for the structure function F 2 (Q 2 , x) to be RG invariant, we have to require that the anomalous dimensions of the hard, jet and parton distribution functions sum up to zero, proving Eq. (4.7).
As stated at the end of the previous section, since the thrust is symmetrical under the exchange of the two hemispheres, we can factorize the soft subprocess as a product of two independent "hemisphere" soft subprocesses. It follows that the resummed cross section (4.5) can be recast as a constant term multiplied by the evolution of two independent jets each of which is the product of the collinear jet and the respective "hemisphere" soft subprocess. This is in analogy to the structure obtained at NLL using the coherent branching algorithm [16] . We compare the two expressions observing that the only difference between the two exponents is the term β(α s )∂Γ soft (α s )/∂α s which gives a non-vanishing contribution only beyond NLL. It essentially accounts for large angle soft emissions whose effects do not contribute at NLL (it is easy to see that the first non-trivial term arises at O(α 3 s )). A second interesting feature which shows up beyond the NLL approximation is the interplay between constant terms and logarithms due to the factorJ 2 (1, α s ( (N 0 /N )Q))S(1, α s (N 0 Q/N )) that will be analyzed below.
The resummed cross section in the dijet limit (4.5) takes the following form
where here L = log N . The function f 1 ((α s /π)β 0 L) resums all the leading logarithmic contributions α n s L n+1 , f 2 ((α s /π)β 0 L) resums the next to leading terms α n s L n and so on. We furthermore require that f i (0) = 0 so that at N n LL we can write
With this notation we see that the termG 31 α 3 s L is a N 3 LL contribution due to the Taylor expansion of f 4 ( αs π β 0 L). Nevertheless, such a term is relevant for the R-matching of the NNLL resummed cross section to the O(α 3 s ) fixed-order result, which will be discussed below. After expanding the functions A Γ (α s ) and B Γ (α s ) as 14) in Eq. (4.5), we observe that A (k) gives rise to terms of order α n s L n+2−k while B (k) contributes with terms of order α n s L n+1−k with n ≥ k. The previous property ensures that the knowledge of B (3) is sufficient to computeG 31 and we do not need to know A (4) which has not been computed yet (Γ soft is known at three loops [42] , but the four loop value of Γ cusp is still unknown).
The coefficient H(1, α s (Q))J 2 (1, α s ( (N 0 /N )Q))S(1, α s (N 0 Q/N )) in Eq. (4.5) contains all the constant terms and it can be expanded in perturbation theory. The function H(1, α s (Q)) is known at three loop order [47, 48] (this result has subsequently to be normalized to the total hadronic cross section σ) and the two-loop non-logarithmic value of the collinear subprocess was computed in [49] . The constant part of the two-loop soft subprocess was evaluated in the previous section. We see that the coupling is evaluated at different scales in each of the three functions. We use the expression for the running coupling (A.3) to express them in terms of α s (Q) evaluated at the renormalization scale µ R = Q. The resulting expression has additional resummed logarithms sitting outside the exponent of Eq. (4.5) due to the running of α s and giving a well defined and finite contribution at large N . Such terms contribute from NNLL on and do not exponentiate naturally. Nevertheless, in order to bring the cross section to the form (4.11), we raise them to the exponent and we expand them to the desired order.
One finds that the one-loop constants of the collinear and soft subprocesses contribute to f 3 ((α s /π)β 0 L) while the two-loop ones contribute toG 31 . To evaluate the integrals in Eq. (4.5) we use the renormalization group equation (A.1) to change the integration variable to α s . After imposing the normalization condition f i (0) = 0 we find 17) where λ = αs(Q) π β 0 log N . At NLL the previous functions reproduce the result obtained in [16] . The constants c (1) j and c (1) s are the one-loop non-logarithmic terms of the collinear and the soft subprocesses respectively. They arise from the termJ 2 (1, α s ( (N 0 /N )Q))S(1, α s (N 0 Q/N )), as discussed above. The coefficients A (i) and B (i) can be determined as shown in Eq. (4.6) using the two-loop value of Γ soft computed above and the three-loop splitting functions [75, 76] . They are reported in Appendix A.
We observe that the normalization condition f i (0) = 0 is automatically fulfilled by both f 1 (λ) and f 2 (λ) while it has to be imposed to obtain f 3 (λ) (4.17) . This could be considered as a signal of the breakdown of natural exponentiation beyond NLL. Forcing such a constraint gives rise to a residual constant value which has to be taken out of the exponent and that contributes to the constantsC i . We will determine the value of such constants directly in thrust space in section 4.1.
Inversion of the integral transform
In the present section we perform the inverse Laplace transform of the resummed cross section. We recall the definition of the normalized cross section 18) whereσ N (Q 2 , α s ) is defined in Eq. (4.11). The contour C runs parallel to the imaginary axis to the right of all the singularities of the integrand function. A method to invert (4.18) was proposed in [16] . Keeping their notation we rewrite Σ N (Q 2 , α s ) in (4.11) as
With this notationσ N (Q 2 , α s ) reads
We now Taylor expand the exponentF with respect to log N around log N = log(1/τ ) up to the desired order and we end up with the following expression for R T (τ ) 22) where ν = N τ andF
More precisely, we havẽ 25) where, from now on, λ = (α s /π)β 0 log(1/τ ). Without loss of generality we expand the factor
in a Taylor series inF (2) itself and we see that the series of terms (F (2) ) k with k ≥ 2 gives at most rise to terms of order O(α k s (α s log(1/τ )) n ), so we drop them. Using the result [16] 27) we obtain
where we neglected subleading terms and we defined γ(λ) = f 1 (λ) + λf ′ 1 (λ). ψ (m) is the (m + 1)-th derivative of the logarithm of the Euler Γ-function.
After replacing the coefficientsC k andG 31 in the previous expression with C k and G 31 computed as explained in Appendix B, we can recast R T (τ ) as 29) where now
The expression (4.29) for R T (τ ) resums all large logarithms through NNLL and it holds up to terms of order O(α 4 s log 2 (1/τ )).
The constant term α s /πC F (γ E (3/2 − γ E ) − π 2 /6) is defined such that the term in square brackets is normalized to one as λ → 0 and ensures that all the constant terms are included in the C k coefficients which read
The coefficient G 31 is found to be The value of the O(α 3 s ) constant C 3 is unknown and we fit it using the Monte Carlo program EERAD3 [21] . Details about the fitting procedure are explained in the next section. Following the conventions of [16] the final resummed expression R T (τ ) (4.29) can be written as
where 35) notice that the functions g i (λ) do not generate any constants (i.e. g i (0) = 0). The resummed expression at different logarithmic orders evaluated around the peak region is shown in Figure 6 .
We observe that an exact inversion of Eq. (4.18) requires to choose the integration contour C to the right of the Landau singularities present in the resummed functions f i (λ). Following our prescription [16] for the inversion, we avoid such singularities by expanding around log N = log 1 τ and then integrating by means of the residue theorem closing the contour in the left half-plane using Eq. (4.27). In doing so, we are neglecting the contribution due to the residue at the Landau pole, which gives rise to power suppressed terms [77] . The Landau singularity is then mapped onto the thrust space without contributing to the Laplace inversion. By expressing the SCET result of [42] in the form (4.34) [78] , we obtain full analytic agreement on g 3 (λ). This is a non-trivial result, since in [42] the scales in the resummation kernels are fixed at the outset of the calculation, while in our analysis, they are integrated over in the Laplace inversion. This difference results in a different treatment of the Landau singularity in the resummed expressions, which could produce a power-suppressed difference between the cross sections obtained in both approaches. The exact agreement of our g 3 (λ) with [42] demonstrates that there is no Landau-pole ambiguity between the two approaches. However, in [42] subleading terms arising from the scale fixing in T -space and part of the constants are kept in the exponent resulting in a numerical difference when compared to our result.
Determination of the O(α 3
s ) constant C 3 In order to match the resummed result to the NNLO cross section the O(α 3 s ) constant C 3 must be extracted from fixed-order data. We do it by subtracting the logarithms from the fixed-order C(τ ) coefficient obtained from EERAD3. The logarithmic part R (3) log (τ ) of the NNLO coefficient is decomposed into its different color contributions according to
EERAD3 is run with a technical cutoff y 0 = 10 −5 which affects the thrust distribution below τ 0 ∼ √ y 0 . This forbids us from probing the far infrared region and we perform the fit for values of τ larger than τ 0 . Numerical fixed order results are obtained with 6×10 7 points for the leading colour contribution and 10 7 points for the subleading colour structures. Because of the presence of large fluctuations in the Monte Carlo results, each color contribution is fitted separately over an interval where the distribution is stable and the different results are combined to find the numerical value of C 3 . The results of the fits and the different fit intervals are given in Table 1 . As an alternative approach we first sum all the color contributions to the C(τ ) coefficient, then we subtract Eq. (2.17) and finally fit C 3 . The result of the second approach is shown in Figure 7 . We consider the difference between the two approaches as a systematic error and as final result we obtain
Considering that there is no statistical correlation between different bin errors, as a different possible estimate of the systematic uncertainty due to the sizeable fluctuation, we varied the fit range observing that it does not alter the result in any significant way outside the quoted systematic error margins. It is worth stressing that the numerical impact of C 3 on the distributions is negligible, as it will be shown in Section 6, such that the large relative error range is tolerable for all practical purposes. With the determination of the O(α 3 s )
constant we now have all the needed ingredients to perform the matching of the NNLL resummed result to the fixed NNLO.
Matching of resummation to fixed-order calculations
There are different matching schemes proposed in the literature, however mainly two are used: the R-matching scheme and the log(R)-matching scheme [16, 19] . The new results presented in the previous sections allow us to compare for the first time the predictions of the two schemes at NNLL+NNLO accuracy. In the R-matching scheme the two expressions (2.11) and (2.13) are matched and logarithms appearing twice are subtracted. The explicit expression for the matched integrated cross section R(τ, Q) depends on both the logarithmic and fixed-order accuracy considered in the matching. At NNLL+NNLO the following formula holds (for the sake of clarity we drop any dependence on the renormalization scale, which will be analyzed separately and write only α s L as arguments of the g i functions):
The terms in the second line correspond to the remainder functions d i (τ ) defined above. It is however preferable to write it as difference between the full fixed-order coefficient and its logarithmic part since these are the functions which are known in practice. The log(R)-matching scheme [16] is believed to be theoretically the most stable one and for this reason it is generally preferred [19] . In this case the matching procedure is given by
It is worth noting that the dependence on the O(α 3 s ) coefficients C 3 and G 31 disappears in this scheme. The matching procedures presented above are valid over the whole phase space. However, unlike to the fixed-order prediction (2.11), in which every coefficient vanishes in the kinematical limit such that R(τ max ) = 1, in the limit τ → τ max the two predictions (5.1) and (5.2) give a wrong (i.e. non-vanishing) result. A fixed-order calculation takes into account only a finite (in fact very few) number of final state particles so the differential cross section dσ/dτ obviously has to vanish at the kinematical limit τ = τ max .
For the NNLO fixed-order prediction, the maximum number of final state jets is five. Therefore the cross section should vanish at the kinematical limit for six partons. The limited predictive ability of the two matching schemes in the multijet region can be solved by modifying them slightly. This is done by imposing a kinematical constraint, which assures the right prediction for τ → τ max .
The constraints for the so-called modified log(R)-matching scheme are [19] log (R(τ max , α s )) = 0
In order to fulfil these two constraints, we follow the prescription proposed in [19] and redefine L as follows:
The power p is called "degree of modification". We choose p = 1, as usual in literature. It determines how fast the integrated cross section is damped at the kinematical limit. The value of τ max is given by symmetry arguments and at LO and NLO can be computed exactly giving respectively τ max,LO = 1/3 and τ max,NLO = 1 − 1/ √ 3. At NNLO we can fix it using the result given by EERAD3 at τ max = 0.4275.
For the log(R)-matching scheme, the substitution (5.4) is sufficient to fulfil the constraints (5.3). In the R-matching scheme one further modification is needed 5) leading to the following expression for the R-matching at NNLL+NNLO:
The dependence on the renormalization scale was so far not considered. Every term beyond the leading order acquires an explicit µ-dependence, which for the fixed-order coefficients is given in (2.4). For the resummation functions g i (α s L) the renormalization scale dependence is given by
where g ′ i (α s L) stands for the derivative of g i (α s L) with respect to α s L. Correspondingly the coefficients G ij and C i change as follows:
One further source of arbitrariness is the choice of the logarithm to be resummed. In fact, it is not clear whether powers of α s log(1/τ ) or powers of α s log(2/τ ) have to be resummed. The origin of this arbitrariness has to do with how much of the non-logarithmic part of the fixed-order prediction is exponentiated together with the logarithms. We can express this arbitrariness by introducing a new constant x L , which rescales the logarithm to be resummed [19] :
This rescaling modifies once more the resummed formulae and their expansion coefficients. By requiringR(τ ) ! = R(τ ) , whereR(τ ) denotes the rescaled integrated cross section according to (5.10), we find the following replacements:
12)
13)
14)
The corresponding changes of the g i functions are
The transformations due to a variation of x µ and x L are completely general and hold for all possible event-shape observables which can be described with this matching formalism. Furthermore the order in which they are carried out is not important since they commute.
Results
Having set up the matching formalism in a way to access the theoretical uncertainties, we can apply it to the case of thrust derived in Section 4 using the fixed order result from EERAD3 [22, 23] .
In Figure 8 we compare the weighted cross section of the new matched NNLL+NNLO results with the old NLL+NNLO derived in [32] . The modification due to the resummation is sizable, leading to a 8% increase of the distribution around the peak region. The effect of the additional resummed subleading logarithms becomes progressively less important towards the multijet region, where the increase is nevertheless of about 5%. It is interesting to note that the matching of NNLO with NNLL resummation shifts the pure NNLO result also in the multijet region ( Figure 9 ). This was not the case for NLL+NNLO, for which the impact of resummation in the region of large τ was negligible. This is another sign of the importance of the NNLL contribution.
The renormalization scale dependence, which was observed to increase from pure NNLO to NLL+NNLO [32, 35] because of a mismatch in the cancellation of renormalization scale logarithms, is obtained by varying 0.5 < x µ < 2. It decreases at NNLL+NNLO by 20% in the peak region compared to NLL+NNLO. The magnitude of the scale uncertainty varies between 4% in the 3-jet region and 5% around the peak.
In Figure 10 we compare the unweighted parton-level cross section at NNLO with the matched NLL+NNLO and NNLL+NNLO cross sections and with experimental hadronlevel data from the ALEPH experiment [1] . We note that there is a visible shift of the theoretical prediction towards the experimental data, which are best described by the newly computed NNLL+NNLO distribution. Around the peak region, where non-perturbative hadronization corrections are large, the parton level prediction fails to describe the data. Hadronization effects can account for this discrepancy. We will address this issue in a future publication.
The computation of the two-loop constant C 2 presented in Section 3 and the fit of the O(α 3 s ) constant C 3 of Section 4.2 allow us to perform for the first time the matching in the R-scheme using NNLL accuracy and fixed NNLO results. On the left plot in Figure 11 we compare the R-matching and the log(R)-matching scheme predictions at NNLL+NNLO. The difference between the two matching prescriptions is very small and lies well below the scale uncertainty. This implies a very good stability of the theoretical predictions under variation of the matching scheme. Because of the big uncertainty in the value of the constant C 3 , we vary it within its error to investigate the phenomenological impact on the cross section. The results are shown in the right plot of Figure 11 the different distributions obtained by setting C 3 = −500, −1000, −1500 respectively. The three curves are almost indistinguishable and the tiny fluctuations in the distributions are due to the fluctuations of the NNLO result. In the lower plot we take the distribution with C 3 = −1000 as reference and plot the difference between the reference cross section and those obtained with C 3 = −500 and C 3 = −1500 respectively. The difference is less than 1.5 and it is therefore completely negligible compared the other theoretical uncertainties.
As discussed in the previous section, another source of theoretical uncertainty is the choice of the logarithms to be resummed. We can estimate this uncertainty by varying the parameter x L . In Ref. [19] several prescriptions are given on how to set the correct variation range for x L for different observables. For the sake of simplicity and since we are not performing a fit of the strong coupling constant, we choose to vary x L within the canonical interval 0.5 < x L < 2, similarly to what is chosen to quantify the renormalization scale uncertainty. This choice is also close to the nominal range of variation proposed in [19] . The impact of this variation is shown in Figure 12 . The left plots show a comparison of the x Ldependence between NLL+NNLO and NNLL+NNLO predictions. The lower plot allows to quantify the reduction of the uncertainty due to a variation x L . Apart from the far infrared region, it is observed to decrease by 50% in the peak region. The scale-dependence reduction is smaller towards the multijet region, where the contribution of the logarithmic part becomes less important. The resummation uncertainty at NNLL+NNLO varies between 2% and 3%. In the right plots the same comparison is made at NNLL+NNLO using the R-matching and log(R)-matching schemes. We observe a similar x L -dependence in both schemes.
Conclusions and outlook
In this paper, we computed the resummed thrust cross section in e + e − annihilation to NNLL accuracy in Laplace space and we provided a compact expression for it in momentum space. We analytically derived the two-loop corrections to the soft subprocess for thrust, for which only two numerical results [44, 51] fitted to the subtracted fixed-order expressions were available previously. We find reasonable agreement with them within their uncertainty. Our NNLL result for the thrust distribution confirms an earlier calculation carried out in the SCET framework [42] in a different calculational approach. We find full analytic agreement between the two results, including the absence of power-suppressed terms which would be beyond the logarithmic accuracy.
The NNLL corrections were matched to the fixed-order NNLO prediction for the thrust distribution in the R-matching and the log(R)-matching schemes. By inspecting renormalization-scale logarithms in the resummed and fixed-order expressions, the appropriate combinations are NLL+NLO and NNLL+NNLO, while the NLL+NNLO combination leads to a mismatch in these logarithms, resulting in an enhanced scale-dependence.
In SCET-based analyses [42] [43] [44] the appropriate combinations are usually determined by requiring that the order of α s of the hard, jet and soft functions matches the fixed order expansion. This results in a different identification of matched distributions. We observe that the NNLL contribution is sizable even outside the dijet region and that the inclusion of the NNLL corrections further stabilizes the perturbative prediction throughout the full kinematical range.
A comparison with experimental data has to include hadronization effects, which are most pronounced in the two-jet region. In the past, these were often obtained using leading-logarithmic parton shower Monte Carlo programs, which turn out to be clearly insufficient [35] in view of the precision now attained by the perturbative description. Systematic approaches to hadronization within the dispersive model [31, 79] or by using the shape function formalism [43] are offering a more reliable description. We will address this issue in future work.
where the coefficients of the β(α s ) functions are 
where here λ = (α s (µ R )/π)β 0 log(µ/µ R ). The coefficients A (i) and B (i) used in the resummed cross section (4.5) can be computed using Γ soft at two-loop order and the threeloop Altarelli-Parisi splitting functions computed in [75, 76] . Using the notation (4.14) we find The coefficients c
h can be evaluated using the on-shell quark form factor [47, 48] , normalized to the total hadronic cross section The two loop non-logarithmic term of the collinear subprocess was computed in [49] , resulting in It is important to notice that the terms f ′′ 2 (λ) , f ′ 3 (λ) and the whole F (3) (α s (Q 2 ), log 1 τ ) contribute at most with logarithmic order O(α n s log n−2 1 τ ) (i.e. N 3 LL) and we do not need them for a N 2 LL order resummation. Nevertheless, they are relevant for the computation of the coefficient G 31 , so we keep them. We now solve the integrals as shown in Section 4.1 neglecting subleading (N 4 LL) terms and we expand the final result through order O(α 3 s log 1 τ ) obtaining C 1 , C 2 explicitly as reported in Eq. (4.31,4.32). To determine G 31 we observe that the coefficient of α 3 s log 1 τ in the previous expansion is G 31 +C 1 G 21 +C 2 G 11 , where G 21 and G 11 are known. The result is reported in Eq. (4.33).
C. Evaluation of the integrals over soft gluons transverse momenta
In the present section we show how to evaluate the integrals over the transverse component of soft gluon momenta used in the text. Let us consider the integral
Using the relations The integrals over q 2 ⊥ and k 2 ⊥ can be easily evaluated using the two δ functions while the angular integral needs some attention. We set This leads to the solution of (C.4) 
appearing in the computation of the vacuum polarization diagrams. Such an integral can be evaluated easily using the previous reult (C.6). We can indeed write it as
so it amounts to use (C.6) with two different pole prescriptions. It is then straightforward to show that In the last part of the present section we report some identities for the hypergeometric functions appearing in the calculation: we prove (C.13).
